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We address the question of the role of quantum correlations beyond entanglement in context of
quantum magnetometry. To this end, we study the evolution of the quantum discord, measured by
the rescaled discord, of two electron-spin qubits interacting with an environment of nuclear spins
via the hyperfine interaction. We have found that depending on the initial state the evolution can
or cannot display indifferentiability points in its time-evolution (due to the energy conservation
law), as well as non-trivial dependence on inter-qubit phase. Furthermore, we show that for initial
Bell states, quantum correlations display a strong magnetic-field sensitivity which can be utilized
for decoherence-driven measurements of the external magnetic field. The potential discord-based
measurement is sensitive to a wider range of magnetic field values than the entanglement-based
measurement. In principle, entanglement is not a necessary resource for reliable decoherence-driven
measurement, while the presence of quantum correlations beyond entanglement is.
PACS numbers:
I. INTRODUCTION
Quantum entanglement represents the correlations
that cannot be explained in any classical terms (see [1]
and references therein). In particular the correspond-
ing entangled state cannot be composed using the two
ingredients: a product of quantum states and classical
randomness shared by two or more observers. However
there is another type quantum correlations that go be-
yond entanglement [2–4] (for review see [5]). They are
represented by the separable states ie. the ones that
can be reproduced with help of the two ingredients men-
tioned above, however they reflect noncommutativity of
quantum physics since the product states in the classical
probabilistic mixture are eigenvectors of more than one
mutually noncommuting observable. This noncommuta-
tivity is responsible for the fact that quantum correla-
tions beyond entanglement, although much weaker than
entanglement itself, may outperform classical resources
in some quantum information tasks, e. g. the Knill-
Laflamme scheme [6, 7] and the probabilistic solution of
the Deutsch-Jozsa problem [8].
Recently quantum correlations beyond entanglement
have been utilised in other communication tasks: re-
trieving classial information encoded in quantum corre-
lations [9], remote state preparation [10], and some pro-
tocols of state discrimination [13]. Quite remarkably is is
known that the total set of quantumly correlated states
(ie. entangled states and quantumly correlated separa-
ble states) dominates in the set of all states in the sense
that a randomly picked state must belong to it [14] which
means that classical states represent a rare objects in set
of all quantum states.
The most popular measures of quantum correlations
beyond entanglement are the quantum discord [2, 3] and
the quantum deficit [4]. Recently gometric versions of
the quantum discord (measuring the smallest distance
between a given state and the set of zero-discord states)
atracted much attention because of its computable char-
acter [15–20], and methods to compute some of these
measures for arbitrary two-qubit density matrices have
been developed [15, 21, 22]. While it must be stressed
that geometric objects cannot be treated as measures ex-
actly (see [23]) they serve as a reasonable indicators of
quantum correlations and have been improved recently
by an extra rescaling procedure [22].
In the context of some positive observations of the use-
fulness of quantum correlation beyond entanglement in
quantum information being made, it is natural to ask
whether their presence may be useful in some tasks ded-
icated to specific physical models.
Systems of electron spins, each confined in a semicon-
ductor quantum dot (QD) are appealing in the context
of the study of inter-qubit quantum correlations. Firstly,
because of the naturally occurring qubit of electron-spin-
up (parallel to the applied magnetic field) and electron-
spin-down (anti parallel to the magnetic field) which is
long lived in this solid state scenario. Secondly, because
of the high level of experimental state-of-the-art, which
allows for a wide range of initializable states and mea-
surement possibilities [24–30]. A flagship example of the
experimental possibilities is the recently experimentally
demonstrated quantum state tomography performed on
two singlet-triplet qubits (four electrons in four quantum
dots) [31]. The main decoherence mechanism for electron
spins in QDs is the hyperfine interaction with the spins
of the nuclei of the surrounding atoms (see Refs [32–34]
for review). This interaction leads to pure dephasing at
moderately high magnetic fields, but at lower magnetic
fields a more involved decoherence process is seen which
2leads to a redistribution of the electron spin occupations.
The decoherence processes typically occur on nanosecond
time-scales.
One of the interesting questions is to ask about the
dependence of the behaviour of quantum correlations be-
yond entanglement in electron spin systems with respect
to an external tunable parameter. This question may
lead to the variant of quantum magnetometry [35–37]
with much weaker state resource then quantum entan-
glement. To this aim in the present paper we study the
decay of quantum correlations, quantified by the rescaled
discord [22], between two electron spins, each confined
in a separate QD and interacting with separate nuclear
spin environments, for two classes of pure initial states.
Firstly, the Bell states are studied, the evolution of which
preserves Bell-diagonal form (up to local unitary oscilla-
tions) in the QD scenario [38], which significantly simpli-
fies the study of the discord and provides a convenient
starting point for the study of magnetic field dependence
of the characteristics of the discord evolution. This mag-
netic field dependence is rather involved in the investi-
gated scenario, and it turns out that the more general
quantum correlations described by the discord provide a
means to examine the external magnetic field via two-
qubit decoherence in a wider value range than entangle-
ment based schemes. Furthermore, Bell state evolution
cannot display points of indifferentiability [39, 40] which
are typical for the decay of the discord for Bell-diagonal
states, because of energy conservation. We also show
that all results pertaining to magnetic field sensing can in
principle be reproduced using separable non-zero-discord
states, such as appropriately chosen Werner states. Fur-
thermore, we study the discord decay for pure initial
states for which all density matrix elements are finite.
The discord evolution found is more complex and ex-
hibits both, points of indifferentiability, and a non-trivial
dependence of the decay curves on inter-qubit phase fac-
tors; these features are not observed for initial Bell states.
The article is organized as follows. The system, the
Hamiltonian, and the method of dealing with the inter-
action with the environment are described in Sec. II. Sec.
III introduces the rescaled discord, which is the measure
used to quantify quantum correlations in this paper. In
Sec. IV, the results describing initial Bell states and ini-
tial mixed, Bell-diagonal states are presented. Here, the
first subsection deals with Bell state evolution only, while
the second subsection describes the usefulness of such
states for magnetic field measurements, and renounces
the necessity of inter-dot entanglement for such measure-
ments. The third subsection deals with the possibility of
non-differentiable discord evolutions. Sec. V describes
the evolution of the rescaled discord for other pure ini-
tial states and Sec. VI concludes the paper.
II. ELECTRON SPIN IN A QUANTUM DOT
SYSTEM
The system under study consists of two electron spins
confined in two, well separated lateral GaAs QDs. Each
electron spin constitutes a qubit, with its spin-up (spin
parallel to the applied magnetic field) and spin-down
(spin anti-parallel to the applied magnetic field) com-
ponents indicated as the |0〉 and |1〉 qubit states. We
take into account the most common decoherence mecha-
nism for such systems, namely the hyperfine interaction
of each electron spin with the spins of the nuclei of the
surrounding atoms.
Since we assume that the qubits are well separated
(there is no inter-qubit interaction and no overlap be-
tween the qubit environments), the Hamiltonian of the
whole system is of the form H = H1⊗I2+I1⊗H2, where
Hi, i = 1, 2 distinguishes between the dots, are single QD
Hamiltonians, and two-qubit evolution may be inferred
from the evolutions of a single subsystem. The single
qubit Hamiltonians are given by
Hi = −gµBSˆzi B +
∑
k
Ak,iSˆ
z
i Iˆ
z
k,i (1)
+
1
2
∑
k
Ak,i
(
Sˆ+i Iˆ
−
k,i + Sˆ
−
i Iˆ
+
k,i
)
,
where the magnetic field B is applied in the z direction.
The first term in the Hamiltonian (1) describes the elec-
tron Zeeman splitting, where g is the effective electron
g-factor, µB is the Bohr mangeton, Sˆ
z
i is the electron
spin component parallel to the magnetic field, and B is
the magnetic field. The remaining two terms describe
the hyperfine interaction, with Iˆk,i denoting the spin op-
erators of nuclei k in dot i and Sˆi denoting the electron
spin operators in dot i. The hyperfine interaction is sep-
arated into the term with spin operators parallel to the
magnetic field, which is responsible for pure dephasing
processes, and the so called “flip-flop” term, which de-
scribes possible nuclear-spin-mediated transitions of the
electron spin. This is described with the rising and lower-
ing operators of both the nuclear and the electron spins,
Iˆ±k,i = Iˆ
x
k,i ± iIˆyk,i and Sˆ±i = Sˆxi ± iSˆyi . The hyperfine
coupling constants depend on the species of the nuclei
which form each quantum dot, as well as on the location
of each nucleus with respect to the electron wave func-
tion, Ak,i = A
0
k,i|Ψi(rk,i)|2, where A0k,i are the coupling
constants of a given nuclear species found at site k in dot
i (see Ref. [38] for details) and Ψi(r) is the wave function
of the electron confined in dot i.
In general, finding the QD evolution described by the
Hamiltonian (1) is an involved task, due to the inapplica-
bility of any perturbative approach, because the interac-
tion can be regarded as a small perturbation with respect
to the electron Zeeman splitting only at moderately high
magnetic fields [33, 34, 41]. The problem simplifies sub-
stantially when the initial state of the whole system is a
product of the double QD state and the states of both
3nuclear reservoirs, σ(0) = ρDQD(0)⊗R1(0)⊗R2(0), and
the initial states of the nuclear baths are described by
infinite-temperature, fully mixed density matrices. The
nuclear baths are well described by infinite-temperature
density matrices when the nuclear Zeeman energies are
very small with respect to the thermal energy kBT [42–
44]. Although typical temperatures at which spin-in-QD
experiments are performed are sub-Kelvin, the Zeeman
energy splitting for gallium and arsenate are of the order
of 0.1 neV per Tesla of magnetic field and the condition is
met for the whole range of magnetic fields. In this case,
the unitary coupling model, for which the Hamiltonian
(1) can be diagonalized exactly, can be applied on short
time scales. In this approximation, all coupling constants
are assumed to be the same and equal to αi = Ai/Ni,
where Ai =
∑
k Ak,i and Ni is the number nuclei in dot
i. The upper limit on short-time-scale behaviour is ap-
proximated byNi/Ai [45], which turns out to be sufficient
for the study of the evolution of the quantum discord.
In the following, parameters corresponding to two
identical lateral GaAs QDs will be used. All isotopes
naturally found in GaAs carry spin I = 3/2 and the
average hyperfine coupling constant for this material is
Ai = 83 µeV [38, 45, 46]. The number of nuclei consid-
ered within each dot is Ni = 1.5 · 106. Hence, the limit
of short-times, when the unitary coupling model can be
safely used is 1.2 · 104 ns.
The resulting single QD evolutions depend strongly on
the magnetic field. In the high magnetic field regime,
where the condition gµBB ≫ A is met and which cor-
responds to magnetic fields greater than about 3 T for
the parameters used, the “flip-flop” terms are completely
negligible. The resulting evolution is of pure dephasing
character and the decay of the single spin coherence is
proportional to exp(−t2/T ∗22 ), with a characteristic con-
stant T ∗2 =
√
6
I(I+1)
√
N/A (as predicted in Ref. [43]).
√
N/A ≈ 10 ns according to the parameters used and
the T ∗2 = 12.36 ns extracted from the calculation corrob-
orates this. The magnetic field dependence in this regime
is limited to the frequency of the unitary oscillations of
the electron spin, which are irrelevant with respect to
the quantification of quantum correlations present in a
two-qubit system. At lower magnetic fields, the “flip-
flop” terms lead to oscillations of the QD occupations,
which accompany the dephasing process. The amplitude
of these oscillations is damped with growing magnetic
field, while their frequency increases. For more details
see the Supplementary Material of Ref. [38]. It is worth
mentioning that the mathematical model of the interac-
tion has been recently used to model magnetic sensing
carried out by some chemical systems in biology (see [47]
and references therein).
III. RESCALED DISCORD
The quantum geometric discord [15] has stirred up a
lot of controversy recently, being the first quantum dis-
cord measure for which straight-forward formulas (such,
that do not involve minimization) for the calculations of
its lower [15] and [21] upper bounds given any two-qubit
density matrix have been found, while being susceptible
to increases under local (single-qubit) non-unitary evo-
lution, and hence, being an unreliable quantum discord
measure [23]. The quantum geometric discord is defined
as the Hilbert-Schmidt distance between a given state
and the nearest zero-discord state. The nature of the
problem is related to the use of the Hilbert-Schmidt dis-
tance, because this particular distance measure is sen-
sitive to the global purity of the studied state. On the
other hand, it is the properties of the Hilbert-Schmidt
distance that allow for the simple calculation of the geo-
metric discord for any two-qubit state.
A solution of this problem has been proposed in
Ref. [22]. It turns out that to diminish the sensitivity of
the Hilbert-Schmidt distance to the purity of the states,
it suffices to normalize each state by its Hilbert-Schmidt
norm, namely to define a distance between two states ρ1
and ρ2 as
dT (ρ1, ρ2) =
∣∣∣∣
∣∣∣∣ ρ1||ρ1|| −
ρ2
||ρ2||
∣∣∣∣
∣∣∣∣ , (2)
where || · || is the Hilbert-Schmidt norm. The rescaled
discord is then defined as the distance between a given
state and the nearest zero-discord state, using the dis-
tance measure (2) and for a two-qubit state it is found
to be
D(ρ) =
1
2
(
1−
√
3
2
)[
1−
√
1− DS(ρ)
2Trρ2
]
. (3)
Here, DS(ρ) denotes the geometric discord and Trρ
2 is
the purity of the studied state.
Hence, there is a straightforward relation between the
rescaled discord and the geometric discord, for which
methods of calculation are available for two qubit states.
The lower bound on the geometric discord is given by
[15]
D′S =
1
4
max (Tr[Kx]− kx,Tr[Ky]− ky) , (4)
where kx is the maximum eigenvalue of the matrix Kx =
|x〉〈x| + TT T and ky is the maximum eigenvalue of the
matrix Ky = |y〉〈y|+T TT . Here, |x〉 and |y〉 denote local
Bloch vectors with components xi = Tr[ρAB(σi⊗ I)] and
yi = Tr[ρAB(I⊗ σi)], and the elements of the correlation
matrix T are given by Ti,j = Tr[ρAB(σi⊗σj)] (stemming
from the standard Bloch representation of a two-qubit
density matrix ρAB). The upper bound is given by [21]
D′′S =
1
4
min (Tr[Kx]− kx +Tr[Ly]− ly, (5)
Tr[Ky]− ky +Tr[Lx]− lx) ,
4where lx and ly are the maximal eigenvalues of the ma-
trices Lx = |x〉〈x| + T |kˆy〉〈kˆy|T T and Ly = |y〉〈y| +
T T |kˆx〉〈kˆx|T , respectively, while |kˆx〉 and |kˆy〉 are the
normalized eigenvectors corresponding to the eigenvalue
kx of matrix Kx and ky of matrix Ky. The final step
in acquiring the upper and lower bounds on the rescaled
discord is inserting the geometric discord values into Eq.
(3).
The upper and lower bounds of the rescaled discord
often coincide, similarly as in the case of the geometric
discord [48], yielding its true value. This is specifically
the case for pure states, and it is straightforward to show
that the geometric discord is equal to 1/2 for all maxi-
mally entangled two-qubit states [49],
|ψ〉 = √a|00〉+
√
beiα|10〉+
√
beiβ |01〉 − √aei(α+β)|11〉),
(6)
which are all rotations of Bell diagonal states by tensor
products of unitary operations [50]. The upper limit is
also equal to the lower limit of the rescaled discord for
all X-states (and their subclass, the Bell diagonal states),
and for states with vanishing local Bloch vectors, |x〉 =
|y〉 = 0 [21].
IV. BELL-DIAGONAL STATES
A. Bell states
Bell states are natural fully entangled states to be stud-
ied in a double spin-in-a-QD system (as in many other
realistic scenarios), since they are initialized more easily
than other entangled states. The singlet state is distin-
guished for single spin qubits in lateral QDs, since its
preparation and the measurement of its fidelity in a dou-
ble QD has already been demonstrated experimentally
in 2005 [26]. The studied evolution does not differentiate
between the Bell states, with the exception of unitary
single dot evolutions which are irrelevant in the study
of quantum correlations and have been omitted here.
The evolution preserves the Bell diagonal form (apart
from the aforementioned local unitary oscillations), as
has been shown in Ref. [38], hence the density matrix of
the two-qubit system is of the form
ρDQD(t) =


1
2 − a(t) 0 0 0
0 a(t) b(t) 0
0 b∗(t) a(t) 0
0 0 0 12 − a(t)

 (7)
at any given time. The initial conditions for any Bell
state are a(t) = 1/2 and b(t) = ±1/2, with the basis
states in the density matrix (7) arranged in the order
| ↑↑〉, | ↑↓〉, | ↓↑〉, and | ↓↓〉 for |Ψ±〉 = 1/√2(|01〉 ± |10〉)
initial states and in the order | ↑↓〉, | ↑↑〉, | ↓↓〉, and | ↓↑〉
for |Φ±〉 = 1/√2(|00〉 ± |11〉) initial states.
As mentioned in the previous section, the lower and
upper bounds on the rescaled discord D coincide for any
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FIG. 1: Time-evolution of the rescaled discord of the ini-
tial Bell state for different magnetic fields: B=0 (solid red
line; lower bound on the plots), B=11 mT (dashed green
line), B=16.5 mT (dotted magenta line), B= 1T (blue dashed-
dotted line). The inset shows long-time evolution, revealing
partial revival of the discord for small magnetic fields: B=0
(solid red line) and B=3 mT (orange dashed line).
Bell diagonal state, hence, they coincide throughout the
hyperfine-interaction induced evolution of any initial Bell
state. Furthermore, analytical formulas for the values of
DS can be found in a straightforward manner for this
type of evolution, which can then be extended using Eq.
(3) to yield the value of D. Indeed the formula for the
geometric quantum discord reads
DS(ρDQD(t)) =
{
2|b(t)|2 for g(t) ≤ 1,[
1
2
− 2a(t)
]
2
+ |b(t)|2 for g(t) ≥ 1,
(8)
where
g(t) =
2|b(t)|
|1− 4a(t)| . (9)
The purity necessary to find the rescaled discord is equal
to
P (ρDQD(t)) = 2
[
(
1
2
− a(t))2 + a2(t)
]
+ 2|b(t)|2. (10)
Note, that rescaling DS , although it affects the curves of
the time-evolution, does not change the transition point
between the two regimes of the discord decay.
Fig. (1) shows the time-evolution of any initial Bell
state for different magnetic field values. Contrarily to
the time-evolution of entanglement of the same system
[38], oscillations of the rescaled discord D are hardly vis-
ible. Furthermore, although the values of D are limited
from below by the zero-magnetic-field curve as in the
case of entanglement, they are not limited from above
by the infinite-magnetic-field line (contrarily to entan-
glement). This is due to the shape of the decay of the
amplitude of the single coherence present, |b(t)|, which
is weakly enhanced or slowed by the oscillations of the
5QD occupations. At long time scales, which are shown
in the inset of Fig. (1), a small revival of the discord is
observed at very low magnetic fields (seen for B = 0 T
and B = 3 mT), which originates from the small revival
of the coherence characteristic of low magnetic fields and
the zero-volume quality of the zero-discord states which
makes discord revivals very common.
It turns out that regardless of the magnetic field, the
decay of the discord for initial Bell states is always con-
fined to the g(t) ≤ 1 limit, where the value of the geo-
metric discord is proportional only to the square of the
amplitude of the coherence (which is then rescaled ac-
cording to Eq. (3) to get the rescaled discord).
For zero-magnetic-field, although the coherence expe-
riences an involved evolution pattern, including a revival
after the initial strong decay is complete, the coherence
and the occupations always satisfy the relation g(t) = 1.
For non-zero magnetic field, the dephasing is faster than
the decay of occupations, thus g(t) < 1 for all times ex-
cept t = 0.
The reason for the fact that, for any initial Bell state,
the evolution is in the parameter regime g(t) ≤ 1, can
be understood in terms of energy conservation. For sim-
plicity, let us consider an initial singlet state, |Ψ−〉 =
1/
√
2(| ↑↓〉−| ↓↑〉) and disregard any coherent oscillations
present in the system, meaning that b(t) = b∗(t). The
state resulting form action of the environment-influenced
noise on the initial singlet state, rewritten in the basis
of projectors into the singlet S0 and triplet T−1, T0, T1
eigenstates of the total angular momentum operator of
the two electron system (where the subscripts correspond
to angular momenta projection into z -axis), is at any
given time of the form
ρDQD(t) =
[
1
2
− a(t)
]
T−1 +
[
1
2
− a(t)
]
T+1
+ [a(t) + b(t)]T0 + [a(t)− b(t)]S0.
In the zero-magnetic-field regime, there is no mechanism
favouring the decay into any of the triplet subspaces and
the evolved state fulfils 12 − a(t) = a(t) + b(t) which is
equivalent to the condition g(t) = 1. Thus the state is
always of Werner form,
ρDQD(t) = [
1
2
− a(t)]I+ [4a(t)− 1]S0.
Indeed, Fig. (2) shows constant behaviour of g(t) = 1
for B = 0. On the other hand, high magnetic field values
forbid the process of electron flipping, as there is no first
order mechanism to diffuse the energy 2gµBSˆ
z
i B stem-
ming from the electron flip. Thus the preferable decay
channel does not change the angular momentum of the
state, which is described by the fact that |b(t)| decays
more rapidly than a(t), and the Werner state degeneracy
over triplet states projectors is lifted. Fig. (2) presents
this fact by showing the time dependence of g(t) for dif-
ferent magnetic field values. Hence, we have shown that
for the singlet initial state (this can be generalized for any
initial Bell state; the unitary oscillations do not disturb
the discord and do not need to be taken into account)
achieving in-differentiable evolution of the rescaled dis-
cord is impossible, since the entrance into the g(t) ≥ 1
regime, which would lead to it, is forbidden by the energy
conservation law.
B. Small magnetic field measurement
Let us note, that the behaviour of the discord evo-
lution for long times shows strong dependence on small
magnetic fields in the range 0−5 mT (see inset of Fig. 1).
The ability to perform precise rescaled discord measure-
ments would enable one to detect small magnetic fields;
this would not require a precise choice of time of the
measurement as long as it is long enough. On the other
hand one should not wait too long, since the correlations
are expected to decay according to 1/ ln t [51, 52]. The
proposed procedure would expand the region of applica-
bility of a QD magnetic sensor to the region of magnetic
fields inaccessible to the entanglement based procedure
introduced in Ref. [38]. In contrast to the entanglement
based procedure, entanglement is not required as a nec-
essary resource for these long-time measurements - any
initial quantumly correlated Werner state of the form
ρDQD(0) = (1− p)I+ pS0 (11)
would suffice, since its evolution displays asymptotics of
the same type as the initial singlet state and could be
exploited, if the measurement precision would be high
enough. As an example, evolutions of the rescaled dis-
cord for a separable state with p = 0.33 at different mag-
netic fields are shown in the inset of Fig.3. It is important
to note here, that since the evolution always remains in
the g(t) ≤ 1 regime, where it is directly proportional to
the amplitude of the single, non-zero coherence present
in the system, measurements of this coherence would suf-
fice to determine the magnetic field. Hence, the exper-
imental realization of the discord-based measurement of
the magnetic field depends not on the ability to perform
direct measurements of the asymptotic rescaled discord,
but on the experimentally attainable precision of coher-
ence measurements.
The idea sketched above is not the only possibility of
detecting small magnetic field values taking advantage of
the rich characteristics of the decoherence driven discord
evolution. As mentioned previously, Fig. (2) shows the
evolution of g(t) for the initial singlet state. Although
for zero magnetic field this function is constant, g(t) = 1,
for higher magnetic fields it enters the regime g(t) < 1
for t > 0. For small magnetic fields, it further displays
a very strong dependence on the magnetic field. It is
worth to notice that g(t) can be measured experimentally
(although not directly), since
g(t) =
Tr(σx ⊗ σxρDQD(t))
Tr(σz ⊗ σzρDQD(t)) ,
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FIG. 2: Evolutions of g(t) for B=0 (red points), B=0.5 mT
(solid red line), B=1.5 mT (dashed green line) and B=5 mT
(dotted magenta line). Inset shows values of local minimum
(solid red line) and local maximum (dashed green line) at-
tained by g(t) during its evolution in different, low magnetic
fields.
where σi, i = x, y, z, are the appropriate Pauli matrices.
The shape of g(t) would be a good indicator to qualita-
tively distinguish between small values of the magnetic
field, but the depth of the minimum of g(t) could serve
as such an indicator in the range of 0− 2 mT on its own.
Furthermore, from the inset of Fig. (2), which shows the
minimum and local maximum of the function g(t) as a
function of the magnetic field, it may be inferred that by
registering the value of both parameters for a single mag-
netic field value, it would be possible to determine the
value of the magnetic field in a wider range of small mag-
netic fields than using the entanglement-detection-based
scenario. This is because, although the value at the mini-
mum is a non-monotonous function of the magnetic field,
the value at the local maximum decreases monotonously
with the magnetic field in the studied parameter range.
Furthermore, the times at which the minimum and the
local maximum occur are practically independent of the
magnetic field value at small magnetic fields, which sim-
plifies the measurement problem. Again, let us stress
that the proposed scheme does not require entanglement.
By investigating initial states of Werner form (11) it is
simple to show that the properties of g(t) illustrated in
Fig. (2) are preserved as long as p 6= 0, i.e. are valid also
for separable states parametrized by 0 < p ≤ 13 . This
is because the amount of noise in the system scales both
averages, Tr(σx ⊗ σxρDQD(t)) and Tr(σz ⊗ σzρDQD(t))
with the same ratio p.
Let us focus again on the range B > 10 mT, for which
the strong dependence of the time of entanglement sud-
den death on the magnetic field enables precise sensing of
this field. The question is, whether entanglement is nec-
essary to measure the magnetic field in this regime when
utilizing decoherence processes. To investigate the pres-
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FIG. 3: Presence of quantum correlations in first 20 ns of the
evolution of the initial separable Werner state as a function
of the magnetic field, quantified by the integral M(B) of Eq.
(12). Inset shows discord evolutions for B=0 (red solid line),
B=10 mT (green dashed line), B=100 mT (magenta dotted
line).
ence of quantum correlations during the system evolution
at different magnetic fields, we are clearly unable to fol-
low the idea of Ref. [38] to measure the dependence of the
amount of quantum correlations present in the system on
the magnetic field by keeping track of changes in the time
when there are no quantum correlations left, since the
quantum discord does not experience sudden-death-type
behaviour [14]. Instead, we propose an indicator,
M(B) =
1
D(ρDQD(0))
∫ 20ns
0
D(ρDQD(t))dt (12)
with integration limits arbitrarily chosen in such a way
that the rescaled discord values are reasonably high dur-
ing the whole time under investigation, and that the
range of the discord revivals for small B is excluded. The
second requirement is not, however, necessary, and was
imposed only in order to obtain a monotonic increase of
M(B), which would otherwise attain a local minimum for
small magnetic fields. The measure is normalized with re-
spect to value of D at the initial time. TheM(B) depen-
dence on the magnetic field which governs the evolution
of an initially separable Werner state (11) with p = 0.33
is shown in Fig. (3). It is clear that the magnetic field
plays a sustainable role in keeping the presence of cor-
relations beyond entanglement in the system during its
evolution. Generally speaking, entanglement should not
be considered a necessary resource in schemes for sensing
B > 10 mT magnetic fields, similarly as it was concluded
for lower magnetic fields.
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FIG. 4: The evolution of D(ρDQD) magnified two times at
B = 100 mT, for a Bell-diagonal initial state (7) with a = 0.4,
b = 0.4 (red solid line). The function is indifferentiable at
t ≈ 4.67 ns, when the value of g(t) crosses unity (green dashed
line).
C. Indifferentiability of the discord evolution
Finally, let us show that the property of the quantum
discord of exhibiting indifferentiable evolutions [39, 40]
can be displayed by the system of two non-interacting
QDs with maximally mixed environments by a proper
choice of initial state. Eq. (11) suggests that whenever
the equality g(t) = 1 is attained and crossed through the
evolution we should register an indifferentiability of the
rescaled discord - indeed, such a situation is attained for
a class of mixed initial states, which keep the form of Eq.
(7), but for which the occupations are pre-decayed in such
a way that g(0) > 1, meaning that initially the condition
|b(0)| > |1 − 4a(0)|/2 must be fulfilled. An example of
such an evolution of the rescaled discord at B = 100 mT
is shown in Fig. (4), with a(0) = 0.4 and b(0) = 0.4
(red, solid line). Complementarily, the evolution of the
corresponding function g(t) is shown in the same plot
(green, dashed line). Note, that before the transition, the
decay of D is much slower than after the transition and
displays slight oscillations due to the redistribution of the
occupations that occur in the system, which disappear
after the transition at t ≈ 4.67 ns.
V. OTHER ENTANGLED STATES
To complete the study of the evolution of quantum
correlations quantified by the rescaled discord D, it is
necessary to study non-Bell-diagonal initial states, for
which the full formulas for the upper and lower bounds
on the geometric discord, given by Eqs. (4) and (5),
respectively, need to be used to calculate the lower and
upper bounds on D of Eq. (3). To gain insight into the
possible characteristics of the decay of D, it is convenient
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FIG. 5: The evolution of the rescaled discord of the initial
state of the form (13) normalized to begin at 1/2 with γ =
pi (red solid line) and γ = pi/2 (blue short dashed line) for
different magnetic fields: 0 mT (a), 11 mT (b), 16.5 mT (c),
1 T (d). The inset shows the dependence of rescaled discord
of the initial state on the parameter γ.
to analyse the behaviour of the initial state of the form
|ψ〉 = 1
2
[|00〉+ |10〉+ |01〉+ eiγ |11〉] . (13)
This state is, for eiγ = −1, equivalent to one of the max-
imally entangled states given by Eq. (6), with a = b =
1/4, otherwise it is not a maximally entangled state, and
for eiγ = 1, the state is separable. For all pure states,
the upper and lower bounds on D coincide and its de-
pendence of the initial state (13) on the phase parameter
γ is plotted in the inset of Fig. 5.
Fig. 5 shows the time-evolution of D of the initial
state (13) with γ = pi (red solid line) and γ = pi/2
(blue short dashed line) for four different values of the
magnetic field. Analogously, Fig. 6 shows the time-
evolution of the rescaled discord of initial states (13) with
exp[iγ] = (−1 + i)/√2 (γ = 3pi/2 - red solid line) and
exp[iγ] = (−1 + 3i)/√2 (γ = 7pi/6 - blue short dashed
line). The evolutions are, for clarity, renormalized in such
a way that both discord evolutions start at 1/2. In the
case of these states, discord oscillations in time are much
more pronounced than in the case of initial Bell states
(or even Werner states). Although the minima and max-
ima of these oscillations are unaffected by phase factor
γ, their amplitude is. Furthermore, it is clearly seen that
the evolutions strongly vary depending on the phase fac-
tors, except for the zero magnetic field case when the dif-
ferences are minuscule. This is in direct contrast with the
evolution of quantum correlations quantified by entan-
glement, for which the same normalization would yield
exactly overlapping curves.
Throughout their evolution the initial states corre-
sponding to the plots of Fig. 5 always display matching
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FIG. 6: The evolution of the lower and upper bounds on the
rescaled discord of the initial state of the form (13) normalized
to begin at 1/2 with γ = 3pi/2 (red solid line) and γ = 7pi/6
(blue short dashed line) for different magnetic fields: 0 mT
(a), 11 mT (b), 16.5 mT (c), 1 T (d). The lower and upper
bounds are denoted with the same type of line.
lower and upper bounds on the discord. This is not the
case for the initial states corresponding to the plots of
Fig. 6, for which the lower and upper bounds on the
rescaled discord show a discrepancy after some level of
decoherence is reached. The discrepancy appears earlier
at higher magnetic field. In accordance to the findings of
Ref. [48], this occurs in an abrupt manner, and is followed
by a slow decay of the difference between the lower and
upper bounds. These, indifferentiable points in the evo-
lution of the discord upper bound are also indifferentiable
points in the evolution of the discord lower bound (the
jump in the upper bound is accompanied by a transition
between two decay curves in the lower bound.
VI. CONCLUSION
We have investigated the evolution of quantum corre-
lations, quantified by the rescaled discord, in a system of
two electrostatic non-interacting QDs. We have shown
that for initial Bell states, the system cannot exhibit in-
differentiable points in the evolution, which are often seen
in discord evolutions, due to energy conservation, regard-
less of the applied magnetic field. Such points are visible
for initially partially mixed Bell-diagonal states, and for
other classes of pure entangled initial states. Further-
more, for pure entangled initial states apart from the Bell
states, we have observed a strong dependence of the dis-
cord evolutions on the inter-qubit phase coherence. For
imaginary phases, the true value of the rescaled discord
cannot be found, and only the upper and lower bounds
are available.
We have further studied the magnetic field dependence
of the evolutions in the context of the usability of the
double QD system undergoing decoherence due to an in-
teraction with nuclear spin environments for the mea-
surement of the applied magnetic field. For initial Bell
states, we have found that the sensitivity of the discord
to the magnetic field is of wider range than the sensi-
tivity of entanglement in the same system. Firstly, the
discord displays strong sensitivity to very low magnetic
fields (in the range of 0− 5 mT) for which the sensitivity
of entanglement decay is negligible. To this end we have
also pointed out another quantity related to the discord,
which shows strong dependence on very small magnetic
fields. We have also shown that the rescaled discord pro-
vides good insight into higher magnetic field values (of
over 10 mT) for which entanglement sensitivity is opti-
mal.
Lastly, we have shown that regardless of the magnetic
field regime, entanglement is not a necessary resource
for strong magnetic field sensitivity. Quantum correla-
tions beyond entanglement can serve as a resource for
magnetic field sensing in higher magnetic fields, but the
range of applicability of a QD sensor can be extended to
low magnetic fields. This is done either by exploiting the
properties of the evolution of the correlations present in
the system on longer time scales and depending on the
magnetic field, or by measurement of the extrema of the
observable g(t) which occur at short time scales. In both
regimes, and for all three methods of measuring the mag-
netic field, the results can in principle be obtained using
separable Werner states with non-zero discord.
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